Proof of the existence of infinitely many imaginary quadratic fields whose class number is not divisible by 3  by Hartung, P.
JOURNAL. OF NUMBER THEORY 6, 276-278 (1974) 
Proof of the Existence of Infinitely Many Imaginary 
Quadratic Fields Whose Class Number is Not Divisible by 3 
P. HARTUNG 
Department of Mathematics, Bloomsburg State College, Bloomsburg, Pennsylvania 17815 
Communicated by S. Chowla 
Received October 11, 1971 
This paper proves the existence of infinitely many imaginary quadratic fields 
whose class number is not divisible by 3. The method is easily extended to 
prove the same statement for any odd prime. 
Gauss showed that the class number of Q(z/-p), wherep = 3 (mod 4), 
is odd. 
The problem of the title was proposed by S. Chowla at a seminar of the 
Number Theory Institute in Princeton (1970-1971). 
THEOREM. There are an injkite number of imaginary quadratic $eIdr 
whose class number is not divisible by 3. 
Proof We recall the following result [3] 
h(4n)+2h(4n-l)+2h(4n-4)+*..=2~d, (1) 
where n is not a square, and the sum on the right runs through those values 
of d which divide n and which are greater than fi. Here h(m) is the class 
number of forms of discriminant -m (primitive and imprimitive). The 
series of terms h(4n - y2) is continued as long as the argument is positive. 
We recall also the standard convention that the form (x, 0, x) counts as 4, 
while the forms (x, x, x) count as l/3. 
We choose n to satisfy the following: 
(i) n is a prime, 
(ii) n = 3 (mod 4), 
(iii) n = 2 (mod 3), 
(iv) n = n, (mod q), for all odd primes q with 3 -K q < P, where P 
is an arbitrarily large number. We let n, denote a quadratic nonresidue 
mod q. 
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Now the right side of (1) is not divisible by 3 on account of condition 
(iii). Hence there must exist a positive integer y with yz < 4n, such that 
Now 
h(4n - y*) q.k 0 (mod 3). 
h(m) = c h*(m/dy, (3) 
&pn 
where h*(t) denotes the number of primitive classes of binary quadratic 
forms of discriminant --t. 
From (2) and (3), there exists a y and an associated d such that 
Set 
h*((4n - y2)/d2) + 0 (mod 3). 
(4~ - y2)/d2 = Ts2, 
where - T is a fundamental discriminant [I]. Then 
h*(T) 1 h*((4n - y2)/d2) 
by 
(4) 
(5) 
LEMMA. Zfd = fm2, then h*(f) 1 h*(d). 
Proof. We have [ 1 ] 
h*(d) = v’l d I JW.l, 
where 
and 
K(d) = f (d/n) n-1 
n=1 
h”(f) = %vmf>. 
Now 
h*(d) 
h*(f)= J 
7 K(d) -- 
f KU) 
= m n U - (A@1 
Pb 
= an integer. 
Hence h*(T) is not divisible by 3. But h*(T) is also the class number 
of the imaginary quadratic field Q(d/-T). [ 1,2]. Also T > P, where P 
was arbitrary. Hence there exist infinitely many imaginary quadratic fields 
whose class number is not divisible by 3. 
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